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1 Introduction
A quandle ([7, 8]) is an algebraic structure defined on a set with a binary
operation whose definition was motivated from knot theory. D. Joyce and
S. V. Matveev [7, 8] associated a quandle to a link, which is so-called the
link quandle or the fundamental quandle of a link. Since then many link
invariants using link quandles have been introduced and studied. A typical
and elementary example is the quandle coloring number which is the cardinal
number of the set of quandle homomorphisms from the link quandle to a fixed
finite quandle. A quandle cocycle invariant [1] and a shadow quandle cocycle
invariant (cf. [4]) are also such link invariants, which are enhancements of
the quandle coloring number.
In 2019, K. Cho and S. Nelson [5] introduced the notion of a quandle
coloring quiver, which is a quiver-valued link invariant, and gave interesting
examples. This invariant is defined when we fix a finite quandle and a set
of its endomorphisms. They also introduced in [6] the notion of a quandle
cocycle quiver which is an enhancement of the quandle coloring quiver by
assigning to each vertex a weight computed using a quandle 2-cocycle.
In this paper, we study quandle coloring quivers using dihedral quandles.
We show that, when we use a dihedral quandle of prime order, the quandle
coloring quivers are equivalent to the quandle coloring numbers (Theorem
3.3). The notions of a quandle coloring quiver and a quandle cocyle quiver
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are naturally generalized to a shadow quandle coloring quiver and a shadow
quandle cocycle quiver. We show that, when we use a dihedral quandle of
prime order and Mochizuki’s 3-cocycle, the shadow quandle cocycle quivers
are equivalent to the shadow quandle cocycle invariants (Theorem 6.1).
This paper is organaized as follows. In Section 2, we recall the definition
of a quandle, a quandle coloring and a shadow quandle cocycle invariant. In
Section 3, we recall the definition of the quandle coloring quiver of a link,
and discuss quandle coloring quivers using a dihedral quandle of prime order.
In Section 4, we discuss quandle coloring quivers of a dihedral quandle of
composite order. In Section 5, we introduce the notion of a shadow quandle
coloring quiver and a shadow quandle cocycle quiver. In Section 6, we discuss
shadow quandle cocycle quivers using a dihedral quandle of prime order and
Mochizuki’s 3-cocycle.
2 Quandles and quandle cocycle invariants
2.1 Quandles
A quandle is a set X with a binary operation ∗ : X ×X → X satisfying the
following three axioms.
(Q1) For any x ∈ X, we have x ∗ x = x.
(Q2) For any y ∈ X, the map ∗y : X → X, x 7→ x ∗ y is a bijection.
(Q3) For any x, y, z ∈ X, we have (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
These axioms correspond to the three kinds of Reidemeister moves (cf. [7,8]).
Example 2.1. The dihedral quandle of order n, denoted by Rn, is Zn = Z/nZ
with an operation ∗ defined by x ∗ y = 2y − x.
Example 2.2. Let M be a Z[t±1]-module. We define an operation by x∗y =
tx+ (1− t)y. Then, M is a quandle, which is called an Alexander quandle.
A map f : X → Y between quandles is called a (quandle) homomorphism
if f(x ∗ y) = f(x) ∗ f(y) for any x, y ∈ X. A quandle homomorphism
f : X → Y is a quandle isomorphism, a quandle endomorphism, or a quandle
automorphism if it is a bijection, if X = Y , or if X = Y and it is a bijection,
respectively. We denote by Hom(X, Y ) the set of quandle homomorphisms
from X to Y , by End(X) the set of quandle endomorphisms of X and by
Aut(X) the set of quandle automorphisms of X.
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2.2 Quandle colorings and shadow cocycle invariants
Let X be a quandle and D be an oriented link diagram on R2. We denote
the set of the arcs of D by Arc(D). A map c : Arc(D)→ X is an X-coloring
if c satisfies following condition at every crossing of D.
• Let xi, xj, xk be arcs around a crossing as in Figure 1 (left). Then,
c(xi) ∗ c(xj) = c(xk).
The value c(a) assigned to arc a is called the label. An X-coloring c is a
trivial coloring if c is a constant map. We denote by ColX(D) the set of
X-colorings of D.
Figure 1: coloring condition.
If two link diagrams D and D′ are related by Reidemeister moves, we
have a bijection between ColX(D) and ColX(D
′). Thus, when X is a finite
quandle, the cardinal number |ColX(D)| of ColX(D) is a link invariant. It is
called the X-coloring number or the coloring number by X.
Let |D| be immersed circles in R2 obtained from D by ignoring over/under
information of the crossings. We denote by Region(D) the set of connected
component of R2\|D| and by r∞ the unbounded region of Region(D). A
map c∗ : Arc(D) ∪Region(D)→ X is a shadow X-coloring if c∗ satisfies the
following conditions.
• c∗|Arc(D) is an X-coloring.
• Let r1 and r2 be adjacent regions of D along an arc a as in Figure 1
(right). Then, c∗(r1) ∗ c∗(a) = c∗(r2).
We denote by SColX(D) the set of shadowX-colorings ofD and by SColX(D, a)
the set of shadow X-colorings of D which satisfy c∗(r∞) = a for a ∈ X.
Let A be an abelian group. A map θ : X3 → A is called a quandle
3-cocycle if θ satisfies the following conditions (cf. [1]).
• For any x, y ∈ X, θ(x, x, y) = θ(x, y, y) = 0.
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• For any x, y, z, w ∈ X, θ(x, y, z) + θ(x ∗ z, y ∗ z, w) + θ(x, z, w) = θ(x ∗
y, z, w) + θ(x, y, w) + θ(x ∗ w, y ∗ w, z ∗ w).
Example 2.3. ([9,10]) Let p be an odd prime. We define a map θp : (Rp)
3 →
Zp by
θp(x, y, z) = (x− y)(y
p + (2y − z)p − 2zp)
p
.
Then, θp is a quandle 3-cocycle, which is referred to as Mochizuki’s 3-cocycle
in this paper.
Let θ : X3 → A be a quandle 3-cocycle of a quandle X and D be an
oriented link diagram. For a shadow X-coloring c∗ of D, we associated a
weight ±θ(x, y, z) to each crossing of D, where x ∈ X is the label of the
region and y, z ∈ X are labels of the arcs indicated in Figure 2. Then, we
sum up the weights all over the crossings of D to obtain an element of A
denoted by Φθ(D, c∗).
Figure 2: The weight of a crossing.
When X is a finite quandle, Φθ(D) = {Φθ(D, c∗) | c∗ ∈ SColX(D)} as a
multiset is a link invariant, which we call a shadow quandle cocycle invariant
(cf. [3]).
3 Quandle coloring quivers using a dihedral
quandle of prime order
Let X be a finite quandle and D be an oriented link diagram. For any subset
S ⊂ End(X), the quandle coloring quiver of D, which is denoted by QSX(D),
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is the quiver with a vertex for each X-coloring c ∈ ColX(D) and an edge
directed from v to w when w = f ◦v for an element f ∈ S. In [5], it is proved
that QSX(D) is a link invariant. Precisely speaking, if two link diagrams D
and D′ are related by Reidemeister moves, then the quandle coloring quivers
QSX(D) and Q
S
X(D
′) are isomorphic as quivers for any S ⊂ End(X).
Remark 3.1. Note that the quandle coloring number of D by using a finite
quandle X is |ColX(D)|, which is the number of vertices of QSX(D). Thus,
the quandle coloring quiver QSX(D) is in general a stronger link invariant
than the quandle coloring number. For example, both of the knots 810 and
818 have the same quandle coloring number by using the dihedral quandle
R9 of order 9, which is 81. On the other hand, their quandle coloring quivers
using R9 with S = End(R9) are not isomorphic as quivers (Example 11 of
[5]).
Lemma 3.2. Let X be a finite quandle and let D and D′ be oriented link
diagrams. Assume that there exists a bijection ϕ : ColX(D) → ColX(D′)
which satisfies the following condition, referred to as the condition (α),
• For any f ∈ End(X) and c ∈ ColX(D), f ◦ ϕ(c) = ϕ(f ◦ c).
Then the quandle coloring quivers QSX(D) and Q
S
X(D
′) are isomorphic for
any S ⊂ End(X).
Proof. If (v, w) is an edge of QSX(D), we have
ϕ(w) = ϕ(f ◦ v)
= f ◦ ϕ(v)
for some f ∈ S. Then, (ϕ(v), ϕ(w)) is an edge of QSX(D′). As the same way,
it holds that (v, w) is an edge of QSX(D) if and only if (ϕ(v), ϕ(w)) is an edge
of QSX(D
′). Therefore, ϕ is an isomorphism between QSX(D) and Q
S
X(D
′).
The following result is one of the main results of this paper.
Theorem 3.3. Let D and D′ be oriented link diagrams and p be a prime.
For any S ⊂ End(Rp), the quandle coloring quivers QSRp(D) and QSRp(D′)
are isomorphic if and only if |ColRp(D)| = |ColRp(D′)|.
Lemma 3.4. Let n be a positive integer greater than 1. If f : Rn → Rn is a
quandle homomorphism, then there exist unique elements a, b ∈ Zn such that
f(x) = ax+ b for any x ∈ X.
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Proof. Put a = f(1) − f(0) and b = f(0). We define a map g : Rn → Rn
by g(x) = ax + b. It is seen by a directed calculation that g is a quandle
homomorphism. By definition of g, we have f(0) = g(0) and f(1) = g(1).
Recall that (m− 1) ∗m = m+ 1 for any m ∈ Rn, and we have g(m) = f(m)
for any m ∈ Rn. The uniqueness of a and b is seen by evaluating f with 0
and 1.
Remark 3.5. If f is a quandle automorphism of Rn, then a is an element
of Z×n . When p is a prime, we have End(Rp) = Aut(Rp) ∪ {constant maps}.
Proof of Theorem 3.3. The only if part is trivial. We consider the if part.
We show that there exists a bijection ϕ : ColRp(D) → ColRp(D′) which
satisfies the condition (α) in Lemma 3.2.
Recall that ColRp(D) and ColRp(D
′) are Zp-vector spaces. By assumption,
they have the same cardinality and hence their dimensions are the same,
say n. Take a basis {c1, . . . , cn} of ColRp(D) and a basis {c′1, . . . , c′n} of
ColRp(D
′) such that c1 and c′1 are the trivial coloring which is the constant
map onto 1. Let f be a quandle endomorphism of Rp. By Lemma 3.4, we
have f(x) = ax+ b for some a, b ∈ Zp. Then,
f ◦ c(x) = f(c(x))
= ac(x) + b
= ac(x) + bc1(x)
for any c ∈ ColRp(D) and x ∈ Arc(D). Therefore, we have f ◦ c = ac + bc1
for any c ∈ ColRp(D). Similarly, we can show that f ◦ c′ = ac′ + bc′1 for any
c′ ∈ ColRp(D′).
Since ColRp(D) and ColRp(D
′) are Zp-vector spaces of the same dimension
n, there is a Zp-linear isomorphism ϕ : ColRp(D) → ColRp(D′) such that
ϕ(c1) = c
′
1. Then,
ϕ(f ◦ c) = ϕ(ac+ bc1)
= aϕ(c) + bϕ(c1)
= aϕ(c) + bc′1
= f ◦ ϕ(c).
Therefore, ϕ satisfies the condition (α).
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4 Quandle coloring quivers using a dihedral
quandle of composite order
We discuss quandle coloring quivers using a dihedral quandle of composite
order.
Theorem 4.1. Let D and D′ be oriented link diagrams and let m and n
be coprime integers greater than 1. Suppose that there exists bijections ϕm :
ColRm(D) → ColRm(D′) and ϕn : ColRn(D) → ColRn(D′) which satisfy the
condition (α). Then QSRmn(D) and Q
S
Rmn
(D′) are isomorphic for any S ⊂
End(Rmn).
Proof. Since m and n are coprime, by Chinese remainder theorem, we have
a bijection Rmn → Rm × Rn by [x]mn 7→ ([x]m, [x]n), where [x]m means an
element of Rm = Z/mZ represented by an integer x. It is not only a group
isomorphism but also a quandle isomorphism. Thus Rmn can be identified
with Rm × Rn as a quandle. On the other hand, we can naturally idenitfy
ColRm×Rn(D) with ColRm(D)×ColRn(D). Then, we have a natural bijection
ψ : ColRmn(D)→ ColRm(D)× ColRn(D).
And similarly we have a natural bijection ψ′ : ColRmn(D
′) → ColRm(D′) ×
ColRn(D
′).
Let us define a map
ψm : End(Rmn)→ End(Rm)
by ψm(f)([x]m) = [a]m[x]m + [b]m for any f ∈ End(Rmn), where [a]m, [b]m ∈
Rm are images of [a]mn, [b]mn ∈ Rmn which are uniquely determined from f by
Lemma 3.4 with f([x]mn) = [a]mn[x]mn+[b]mn for [x]mn ∈ Rmn. Similarly, we
define a map ψn : End(Rmn)→ End(Rn). By a direct calculation, we see that
ψ(f ◦ c) = (ψm(f)×ψn(f))◦ (ψ(c)) and ψ′(f ◦ c′) = (ψm(f)×ψn(f))◦ (ψ(c′))
for any f ∈ End(Rmn), c ∈ ColRmn(D) and c′ ∈ ColRmn(D′).
By assumption, there exists bijections ϕm : ColRm(D)→ ColRm(D′) and
ϕn : ColRn(D) → ColRn(D′) which satisfy the condition (α). Let ϕ = ϕm ×
ϕn : ColRm(D)×ColRn(D)→ ColRm(D′)×ColRn(D′) and define a bijection
Ψ by Ψ = (ψ′)−1 ◦ ϕ ◦ ψ : ColRmn(D)→ ColRmn(D′). Then, we have
Ψ(f ◦ c) = (ψ′)−1 ◦ ϕ((ψm(f)× ψn(f)) ◦ (ψ(c)))
= (ψ′)−1((ψm(f)× ψn(f)) ◦ (ϕ ◦ ψ(c)))
= f ◦Ψ(c)
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for any f ∈ End(Rmn) and c ∈ ColRmn(D). Therefore, Ψ satisfies the condi-
tion (α), which implies by Lemma 3.2 the assertion.
Corollary 4.2. Let D and D′ be oriented link diagrams and P = pe11 p
e2
2 . . . p
en
n
be the prime factorization of a positive integer P . If there exists a bijection
ϕpeii : ColRpeii
(D) → ColR
p
ei
i
(D′) which satisfies the condition (α) for each i,
then QSRP (D) and Q
S
RP
(D′) are isomorphic for any S ⊂ End(RP ).
Proof. By assumption, there exists bijections ϕpe11 : ColRpe11
(D)→ ColR
p
e1
1
(D′)
and ϕpe22 : ColRpe22
(D) → ColR
p
e2
2
(D′). As seen in the proof of Theorem
4.1, we have a bijection ϕpe11 p
e2
2
: ColR
p
e1
1 p
e2
2
(D) → ColR
p
e1
1 p
e2
2
(D′) which
satisfies the condition (α). Repeating this procedure, we have a bijection
ϕP : ColRP (D)→ ColRP (D′) which satisfies the condition (α), which implies
by Lemma3.2 the assertion.
Theorem 4.3. Let D and D′ be oriented link diagrams and P = p1p2 . . . pn be
a positive integer for some distinct primes p1, . . . , pn. For any S ⊂ End(RP ),
the quandle coloring quivers QSRP (D) and Q
S
RP
(D′) are isomorphic if and only
if |ColRP (D)| = |ColRP (D′)|.
Proof. The only if part is trivial. We show the if part. Suppose that
|ColRP (D)| = |ColRP (D′)|. As seen in the proof of Theorem 4.1, ColRP (D)
is naturally identified with Πni=1ColRpi (D). Since |ColRP (D)| = |ColRP (D′)|,
we have |ColRpi (D)| = |ColRpi (D′)| for each i. As seen in the proof of The-
orem 3.3, we have a bijection ϕpi : ColRpi (D) → ColRpi (D′) which satis-
fies the condition (α) for each i. By Corollary 4.2, we have a bijection
ϕP : ColRP (D)→ ColRP (D′) which satisfies the condition (α), which implies
by Lemma 3.2 the assertion.
5 Shadow versions of quandle quivers
In this section we define the shadow quandle coloring quiver and the shadow
quandle cocycle quiver, which are shadow versions of the quandle coloring
quiver and the quandle cocycle quiver defined by Cho and Nelson [5, 6].
Definition 5.1. Fix a finite quandle X, an element a ∈ X and a subset
S ⊂ End(X). The shadow quandle coloring quiver of an oriented link diagram
D, which is denoted by SQSX(D, a), is the quiver with a vertex for each
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shadow X-coloring c∗ ∈ SColX(D, a) and an edge directed from v∗ to w∗
when w∗|Arc(D) = f ◦ v∗|Arc(D) for an element f ∈ S.
The shadow quandle coloring quiver is a link invariant. However, it is
nothing more than the quandle coloring quiver as seen below.
Proposition 5.2. The quandle coloring quiver QSX(D) and the shadow quan-
dle coloring quiver SQSX(D, a) are isomorphic for any S ⊂ End(X) and
a ∈ X.
Proof. For any a ∈ X and X-coloring c ∈ ColX(D), there is a unique shadow
X-coloring c∗ such that c∗|Arc(D) = c and c∗(r∞) = a (cf. [3]). Hence,
we have a natural bijection ϕ : ColX(D) → SColX(D, a). By definition of
the shadow quandle coloring quiver, we see that ϕ is a quiver isomorphism
between QSX(D) and SQ
S
X(D, a) for any subset S ⊂ End(X).
Next, we define the shadow quandle cocycle quiver.
Definition 5.3. Fix a finite quandle X, an element a ∈ X, a subset S ⊂
End(X), an abelian group A and a quandle 3-cocycle θ : X3 → A. The
shadow quandle cocycle quiver of an oriented link diagram D, which is de-
noted by SQS,θX (D, a), is the pair (SQ
S
X(D, a), ρ) of the shadow quandle
coloring quiver SQSX(D, a) and a map ρ : SColX(D, a) → A defined by
ρ(c∗) = Φθ(D, c∗).
Definition 5.4. Let SQS,θX (D, a) = (SQ
S
X(D, a), ρ) be the shadow quan-
dle cocycle quiver of an oriented link diagram D and let SQS,θX (D
′, a) =
(SQSX(D
′, a), ρ′) be that of D′. We say that SQS,θX (D, a) and SQ
S,θ
X (D
′, a)
are isomorphic if there is a bijection ϕ : SColX(D, a)→ SColX(D′, a) which
satisfies the following conditions.
• ϕ determines a quiver isomorphism from SQSX(D, a) to SQSX(D′, a).
• For any c∗ ∈ SColX(D, a), we have ρ(c∗) = ρ′(ϕ(c∗)).
Proposition 5.5. The shadow quandle cocycle quiver is a link invariant.
Namely, for oriented link diagrams D and D′ which are related by Reidemeis-
ter moves, the shadow quandle cocycle quivers SQS,θX (D, a) and SQ
S,θ
X (D
′, a)
are isomorphic.
Proof. It is seen by the same argument with the proof that the quandle
cocycle quiver is a link invariant given in [6].
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In [6] a polynomial-valued link invariant, called the quiver enhanced co-
cycle polynomial, is introduced. The following is the shadow version.
Definition 5.6. Let X be a finite quandle, a an element of X, S a subset
of End(X), A an abelian group and θ : X3 → A a 3-cocycle. The quiver
enhanced shadow cocycle polynomial of an oriented link diagram D is the
polynomial
ΦS,θX (D, a) =
∑
(v,w) : an edge of SQS,θX (D,a)
sρ(v)tρ(w)
where the summation is taken over all edges (v, w) of SQS,θX (D, a).
Obviously, this polynomial is a link invariant.
Example 5.7. The knots 41 and 51 are not distinguished by the quandle
coloring quivers using the dihedral quandle R5 of order 5 and any subset S
of End(R5), since |ColR5(41)| = |ColR5(51)| = 25 (Theorem 3.3).
Moreover, they are not distinguished by the quandle cocycle quivers using
R5, any subset S of End(R5) and any 2-cocycle θ : X
2 → A, since any 2-
cocycle of R5 is a coboundary (in fact H
2(R5;A) = 0, [2]) and the weight
given to each vertex of the quiver is 0 ∈ A. Thus the quandle cocycle quiver
is the quandle coloring quiver whose vertices are labeled with 0.
On the other hand, these knots are distinguished by shadow quandle cocy-
cle quivers. The shadow quandle cocycle quivers SQ
S,θp
Rp
(41, 0) and SQ
S,θp
Rp
(51, 0)
using R5, Mochizuki’s 3-cocycle θ5 and S = {f} where f : R5 → R5 is defined
by f(x) = x+ 2, are as in Figures 3 and 4.
Figure 3: SQ
S,θp
Rp
(41, 0) Figure 4: SQ
S,θp
Rp
(51, 0)
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The quiver enhanced shadow cocycle polynomials are given as follows.
ΦS,θ5R5 (41, 0) = 5 + 10st+ 10s
4t4,
ΦS,θ5R5 (51, 0) = 5 + 10s
2t2 + 10s3t3.
6 The shadow quandle cocycle quivers using
Mochizuki’s 3-cocycle
In this section, we discuss the shadow quandle cocycle quivers using Mochizuki’s
3-cocycle. By Theorem 3.3, two different links which have the same Rp-
coloring number can not be distinguished by the quandle coloring quivers
using Rp.
In the case of the shadow quandle cocycle quiver, we have a similar result.
Theorem 6.1. Let D and D′ be oriented link diagrams, p be an odd prime
and θp be Mochizuki’s 3-cocycle. For any a ∈ Rp and S ⊂ End(Rp), the
shadow quandle cocycle invariants SQ
S,θp
Rp
(D, a) and SQ
S,θp
Rp
(D′, a) are iso-
morphic if and only if Φθp(D) = Φθp(D
′).
Note that the set of shadow Rp-colorings of an oriented link diagram D
is a vector space over Zp. It is known that Φθp(D) is characterized by the
following lemmas.
Lemma 6.2 ([11]). Let c∗ and c′∗ be shadow Rp-colorings of an oriented link
diagram D such that c∗|Arc(D) = c′∗|Arc(D). Then it holds that Φθp(D, c∗) =
Φθp(D, c
′
∗).
Lemma 6.3 ([11]). Let c∗ be a shadow Rp-coloring of an oriented link dia-
gram D. Then it holds that Φθp(D, ac∗) = a
2Φθp(D, c∗) for any a ∈ Zp.
Lemma 6.4 ([11]). Let c∗ and c∗,0 be shadow Rp-colorings of an oriented
link diagram D such that c∗,0|Arc(D) is a trivial coloring. Then it holds that
Φθp(D, c∗) = Φθp(D, c∗ + c∗,0).
Proof of Theorem 6.1. The only if part is trivial. We show the if part. By
Lemma 6.2, we have {Φθp(D, c∗) | c∗ ∈ SColRp(D, a)} = {Φθp(D, c∗) | c∗ ∈
SColRp(D, b)} for any a, b ∈ Rp. Therefore, Φθp(D) = p{Φθp(D, c∗) | c∗ ∈
SColRp(D, a)} (cf. [11]).
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We construct a bijection Ψ: SColRp(D, a)→ SColRp(D′, a) as follow:
Let ϕ : ColRp(D)→ SColRp(D, a) and ϕ′ : ColRp(D′)→ SColRp(D′, a) be
the natural bijections as in the proof of Proposition 5.2.
Firstly, put V0 = {c∗ ∈ SColX(D, a) | c∗|Arc(D) is a trivial coloring} and
V ′0 = {c′∗ ∈ SColX(D′, a) | c′∗|Arc(D′) is a trivial coloring}. We define a map
Ψ0 : V0 → V ′0 by Ψ0(c∗)(x′) = c∗(x) for any x ∈ Arc(D) and x′ ∈ Arc(D′).
Next, take an element c∗,1 ∈ SColRp(D, a)\V0 and fix it. By assumption,
there is a shadowRp-coloring c
′
∗,1 ∈ SColRp(D′, a)\V ′0 such that Φθp(D, c∗,1) =
Φθp(D
′, c′∗,1). Let c1 and c
′
1 be the shadow colorings of D and D
′ respectively
such that for any x ∈ Arc(D) and x′ ∈ Arc(D′), c1(x) = c′1(x′) = 1 and
c1(r∞) = c′1(r∞) = a.
Put V1 = {ϕ(f ◦ϕ−1(c∗,1)) | f ∈ Aut(Rp)} and V ′1 = {ϕ′(f ◦ (ϕ′)−1(c′∗,1)) |
f ∈ Aut(Rp)}. We define a map Ψ1 : V0 ∪ V1 → V ′0 ∪ V ′1 by Ψ1|V0 = Ψ0 and
Ψ1(ϕ(f ◦ϕ−1(c∗,1))) = ϕ′(f ◦ (ϕ′)−1(c′∗,1)) for any f ∈ Aut(Rp). Since f is an
automorphism and c′∗,1 is a nontirivial coloring, Ψ1 is a bijection. Let f be a
quandle automorphism of Rp. By definition of ϕ, we have
ϕ(f ◦ ϕ−1(c∗,1))|Arc(D) = f ◦ c∗,1|Arc(D)
= (afc∗,1 + bfc1)|Arc(D)
where af ∈ Z×p and bf ∈ Zp are determined from f by Lemma 3.4 (Remark
3.5) with f(x) = afx+ bf . By Lemmas 6.2, 6.3 and 6.4 , it holds that
Φθp(D,ϕ(f ◦ ϕ−1(c∗,1))) = Φθp(D, afc∗,1 + bfc1)
= (af )
2Φθp(D, c∗,1).
Similarly, we have Φθp(D
′, ϕ′(f ◦ (ϕ′)−1(c′∗,1))) = (af )2Φθp(D′, c′∗,1) . By as-
sumption, we see that
Φθp(D,ϕ(f ◦ ϕ−1(c∗,1))) = (af )2Φθp(D, c∗,1)
= (af )
2Φθp(D
′, c′∗,1)
= Φθp(D
′, ϕ′(f ◦ (ϕ′)−1(c′∗,1))).
Then it holds that {Φθp(D, c∗) | c∗ ∈ V0 ∪ V1} = {Φθp(D′, c′∗) | c′∗ ∈ V ′0 ∪ V ′1}.
Suppose that SColRp(D, a)\(V0∪V1) 6= ∅. Take an element c∗,2 of SColRp(D, a)\(V0∪
V1) and fix it. There is a shadow Rp-coloring c
′
∗,2 ∈ SColRp(D, a)\(V ′0 ∪ V ′1)
such that Φθp(D, c∗,2) = Φθp(D
′, c′∗,2). Put V2 = {ϕ(f ◦ ϕ−1(c∗,2)) | f ∈
Aut(Rp)} and V ′2 = {ϕ′(f ◦ (ϕ′)−1(c′∗,2)) | f ∈ Aut(Rp)}. Then, we de-
fine a bijection Ψ2 : V0 ∪ V1 ∪ V2 → V ′0 ∪ V ′1 ∪ V ′2 by Ψ1|V0∪V1 = Ψ1
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and Ψ2(ϕ(f ◦ ϕ−1(c∗,2))) = ϕ′(f ◦ (ϕ′)−1(c′∗,2)) for any automorphism f ∈
Aut(Rp). Repeating this proceedure until the domain of Ψn is SColRp(D, a),
we have a bijection Ψ = Ψn : SColRp(D, a) → SColRp(D′, a) such that
Φθp(D, c∗) = Φθp(D
′,Ψ(c∗)) for any c∗ ∈ SColRp(D, a). By Remark 3.5, Ψ is
a quiver isomorphism between SQSRp(D, a) and SQ
S
Rp
(D′, a) for any subset
S ⊂ End(Rp).
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